Differential and integral forms on non-commutative algebras
Introduction
These lectures describe an algebraic approach to differentiation and integration that is characteristic for non-commutative geometry. The material contained in Section 2 is standard and can be found in any text on noncommutative geometry, for example [4] . 2.5 and 2.6, which describe concepts introduced in [3] , are exceptions. The bulk of Section 3 is based on [1] and [3] , while the Berezin integral example is taken from [2] .
Differential forms

Differential graded algebras. A differential graded algebra is a pair (Ω, d),
where Ω = ⊕ n∈Z Ω n is a graded algebra and d : Ω → Ω is a degree-one map that squares to zero and satisfies the graded Leibniz rule. Note that Ω 0 is an associative algebra and all the Ω n are Ω 0 -bimodules.
Differential calculus.
Given an associative algebra A (over a field K of characteristic not 2), by a differential calculus over A we mean a differential graded algebra (ΩA, d), such that Ω 0 A = A, ΩA is generated by Ω 1 A = Ad(A), and Ω n A = 0, for all n < 0. A calculus is said to be N -dimensional, if Ω N A = 0 and Ω n A = 0, for all n > N . The pair (
2.3. Universal differential calculus. Every algebra admits the universal differential calculus, defined as the tensor product algebra over the kernel of the multiplication map µ on A, with the exterior derivation d : a → 1 ⊗ a − a ⊗ 1, for all a ∈ A, and then extended to the whole of T A (ker µ) by the graded Leibniz rule. 
These necessarily satisfy
is called a skew multi-derivation. Any skew multiderivation induces a calculus on A by formulae (2.1), provided there exist a
is said to be orthogonal. The conditions (2.2a) are equivalent to the statement that the map
, where M n (A) denotes the ring of n × n matrices with entries from A, is an algebra homomorphism.
Free multi-derivations.
A skew multi-derivation (∂ j , σ ij ) n i,j=1 is said to be free, provided there existσ ij ,σ ij : A → A that satisfy conditions (2.2a) and are such that, for all a ∈ A,
If the matrix σ = (σ ij ) n i,j=1 is triangular with invertible diagonal entries, then (∂ j , σ ij ) n i,j=1 is free. 2.7. Diagonal and skew q-derivations.
, for all i = 1, . . . , n. Furthermore, if σ ii is an invertible map and there exists q i ∈ K such that σ
2.8. Calculus for q-polynomials. A q-polynomial algebra or the quantum plane is the algebra A = K q [x, y] generated by x, y subject to the relation xy = qyx. The elements of A are finite combinations of monomials x r y s . The algebra A admits a first-order calculus freely generated by oneforms dx, dy and relations:
where p is a non-zero scalar. It is understood that d : x → dx, y → dy. The universal extension of this calculus necessarily yields dxdy = −qp −1 dydx, (dx) 2 = (dy) 2 = 0, and it is a two-dimensional calculus with a volume form, e.g. v = dxdy.
Setting ω 1 = dx, ω 2 = dy one easily finds that the associated skew multi-derivation (∂ i
Also θ satisfies the Cartan-Maurer equations dθ = 2θ
2 . As an example, consider a one-dimensional calculus on the Laurent polynomial ring A = K[x, x −1 ], given by Jackson's q-derivation
where taking the limit is understood in case q = 1. If q = 1, this calculus is inner with θ = 1 q−1 x −1 dx, otherwise it is not inner.
Integral forms
3.1. Divergence. Let (ΩA, d) be a differential calculus on an algebra A. We will denote by I n A, the Abelian group of all right A-linear maps Ω n A → A. For all n ≥ m, consider maps
In particular, · makes I n A into a right A-module. A divergence is a linear map ∇ 0 : I 1 A → A, such that, for all a ∈ A, ∇ 0 (f · a) = ∇ 0 (f )a + f (da). A divergence is extended to a family of maps
The cokernel map Λ : A → A/Im∇ 0 is called the integral associated to ∇ 0 .
Integral forms.
A divergence ∇ 0 is said to be flat, provided ∇ 0 • ∇ 1 = 0. It is then the case that, for all n, ∇ n •∇ n+1 = 0, and hence there is a complex,
/ / A, known as the complex of integral forms.
3.3. The inner case. If (ΩA, d) is an inner differential calculus with the exterior derivative given by a graded commutator with θ ∈ Ω 1 A, then ∇ 0 : I 1 A → A, f → −f (θ) is a divergence. One easily finds that ∇ 1 (f )(ω) = f (θω), and so this divergence is flat, provided θ 2 = 0.
3.4.
Divergences and multi-derivations. Let (∂ i , σ ij ;σ ij ,σ ij ) n i,j=1 be a free skew multi-derivation on A, and let (Ω 1 A, d) be the associated first-order calculus with generators ω 1 , . . . , ω n . Let ξ i ∈ I i be the dual basis to the ω i , i.e. the ξ i are given by ξ i (ω j ) = δ ij . Then
is a unique divergence such that ∇ 0 (ξ i ) = 0, for all i = 1, . . . , n.
In particular, if σ is diagonal and all the (∂ i , σ ii ) are skew q i -derivations, then
] be the Laurent polynomial ring with the one-dimensional calculus (ΩA, d) given by Jackson's q-derivative (2.3). In this case ∂ q is twisted by the automorphism σ(f (x)) = f (qx), and (∂ q , σ) is a skew q-derivation. Ω 1 A is generated by dx, and hence the corre-
The image of ∇ 0 consists of all of K[x, x −1 ] except the monomials αx −1 . Therefore, the integral is
In case K = C we can normalise Λ as Λ(x −1 ) = 2πi, and obtain the Cauchy integral formula.
3.6. Calculus on quantum groups. If A is a coordinate algebra of a compact quantum group (over C), then every left-covariant differential calculus gives rise to a free multi-derivation [5] , and hence there is a canonical divergence ∇ 0 (3.1) and the corresponding integral Λ. Any right integral λ on A (the Haar measure) factors uniquely through Λ, i.e. there exists unique ϕ :
3.7. Berezin's integral. Let A be a superalgebra of (integrable) real functions on the supercircle S 1|1 . That is, A consists of a(x, ϑ) = a 0 (x) + a 1 (x)ϑ, where a i : [0, 1] → R are (integrable) functions such that a i (0) = a i (1) and ϑ is a Grassmann variable, ϑ 2 = 0. The differentiation on A is defined by
One easily checks that ∂ = (∂ x , ∂ ϑ ) is a free skew multi-derivation with the twisting matrix-valued endomorphism σ(a(x, ϑ)) = a(x, ϑ) 0 0 a(x, −ϑ) .
The calculus Ω 1 A is freely generated by dx and dϑ. The corresponding divergence 3.4 comes out as
where f x (x, ϑ) := f (dx)(x, ϑ) = f If a(x, ϑ) is purely even, i.e. a(x, ϑ) = a(x), then setting f x (x, ϑ) = 0 and f ϑ (x, ϑ) = −a(x)ϑ we obtain a(x) = ∇ 0 (f ). Thus, the integral Λ vanishes on the even part of A. Since Λ is the cokernel map of ∇ 0 , for all f ∈ I 1 A,
On the other hand, f 
